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Abstract 

We consider viscous compressible barotropic motions in a boun¬ 
ded domain U C M 3 with the Dirichlet boundary conditions for ve¬ 
locity. We assume the existence of some special sufficiently regular 
solutions v s (velocity), g s (density) of the problem. By the special 
solutions we can choose spherically symmetric solutions. Let v, g 
be a solution to our problem. Then we are looking for differences 
u = v — v s , i] = g — g s . We prove existence of u, r/ such that 
u,v € L oa (kT,(k + l)T;tf 2 (fl)), u t , rj t € L^kT, (k + 1)T; iL 1 (U)), 
u € L 2 (kT 1 (k + 1 )T; iL 3 (U)), u t € L 2 (kT, (k + 1 )T; H 2 (n)), where 
T > 0 is fixed and VNU {0}. Moreover, u, rj are sufficiently small 
in the above norms. This also means that stability of the special 
solutions v s , g s is proved. Finally, we proved existence of solutions 
such that v = v s + u, g = g s + rj. 

Mathematical Subject Classification (2010): 35A01, 35Q30, 
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1 Introduction 


We consider the motions of viscous compressible barotropic fluids in 
a bounded domain fl C M 3 described by the following problem 


( 1 . 1 ) 


g(v t + v ■ Vv) — //An — z/Vdiv v + Vp = gf in fl T = Q x (0, T ), 
g t + div (gv) = 0 in fl T , 

g\t=o = Qo, v\ t=0 = v 0 in Q, 

v = 0 on S 1 = S x (0, T), 


where S is the boundary of fh By x = (xi,X2,x 3 ) we denote the Cartesian 
coordinates, g = g(x, t ) G M + is the density of the fluid, v = (ni(x, f), rz 2 (x, t), 
v 3 (x,t)) e M 3 is the velocity, p = p(p) = >? > 1, A positive constant, 

the pressure, / = (fi(x,t), f 2 (x,t), f 3 (x,t)) G M 3 the external force field. 
By p, z/ we denote positive viscosity coefficients satisfying the following 
thermodynamic restrictions 


( 1 . 2 ) 


p > 0 , v > 0 . 


Finally, by the dot we denote the scalar product in M 3 . 

Since we are interested to prove global regular solutions to (11.111 and since 
such result can not be expected in the nearest future (if at all) we are 
looking for such solutions to (11.111 which are close to some known special 
regular global solutions to (11.111 (for example: spherically symmetric, two- 
dimensional) . 

Global existence of regular spherically symmetric solutions to problem (1 1.1 jl 
in a domain between two spheres is proved in |CK| . Global existence of regu¬ 
lar two-dimensional solutions is proved in | lKWj for equations (11.111 1 ■?. where 
v = u(g) = p 7 , 7 > 3, and for the slip boundary conditions. Therefore, we 
restrict our considerations to show stability of spherically symmetric solu¬ 
tions. Moreover, stability of two-dimensional solutions must be performed 
in a different way. 

Hence, we assume that g s ,v s ,p s = Ag * are the special regular solutions 
satisfying the problem 


(1.3) 


g s (v st + v s ■ \7v s ) - pAv s - z^Vdiv v s + Vp s = g s f s in fl T , 
g st + div (g s v s ) = 0 in fl T , 

£?s|z=o Qs 0) ^s|t=o hso in ^ - ■ 

v s | s = 0 on S T . 


Then we are looking for solutions to problem (11.111 in the form 


(1.4) V = v s + u, g = g s + rp p = p s + q, f = f s + g, 
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where u, rp q are solutions to the problem 


g s (u t + v s ■ V u ) — pAu — vVdivu + Vg 
(1-5) = rjf s + Q s g - [r)(v st + (w s + u) ■ Vv s ) + • Vw s ] in 0 T , 

- r)u t - [rj(u + i> s ) + &m]V« = / 

(1.6) 

rjt + v s ■ Vg + o s div u = — gdiv v s — u - X7 g s — u - X7 g s — div (gw) = h in 0 T , 
, . u\t=o — u o = v o ~ v so, v\t=o — Vo = Qo ~ Qso hr 

VI n nT 

u\s = 0 on i . 

Equation (11.61) is not compatible with the main operator in (11.51) . where Vg 
appears. Therefore, we replace (11.61) by an equation for g. 

Since p = Ag equation (ll.lD o yields 

(1.8) p t + v ■ S7p + xpdiv v — 0. 

Similarly, for p s = Ag* equation (I1.3IU implies 

(1.9) p st + v s ■ Vp s + xp s div v s = 0. 

Using definition of q from (II.4|) . equations (11.81) and (II. 9ft imply 

1 'll ct — 

(1.10) - (q t + v s ■ Vg) + div w =-- V(p s + g)--div (v s + w) = h. 

*Ps *p s p s 

For equations (II. 5ft and (11.101) we have the following initial and boundary 
conditions 

(1-11) u\ t=0 = w 0 , g|*= 0 = A(eo ~ Qso) = ?o, 

(1.12) u\ s = 0, v s \ s = 0. 

Our aim is to prove global existence of regular solutions to problem (11.51) . 
(IHIIID (HUP under assumption that w 0 , q 0 are sufficiently small in appro¬ 
priate norms and (g s ,v s ) is sufficiently regular solution to problem (11.31) . 
Since in equations (II. 5p and (11.101) g and q appear together, we have to find 
relations between them. In view of formulas q = p(g) — p(g s ) = A(g* — g'f) 
and g — g — g s we have the relations 

(1.13) q = xAg*~ l r] and rj = —-g^g, 
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where p G (g, g s ) and q G (p,p s )- To justify these formulas we need existence 
of positive constants g * and g* such that 

(1.14) g* < g s < 0* and ip* < g < 2 g*. 

The aim of this paper is to prove existence of global regular solutions to 
problem (11.51) . (II. 10[) (jl . 12p under assumptions that u 0 , rj 0 , g are sufficiently 
small in corresponding norms and (g s ,v s ) is a sufficiently regular solution 
to (11.2ft . Hence, we also prove existence of global regular solutions to (11.11) 
which remain sufficiently close to special solutions to <ra for all time. 
In Section [3] we prove existence of local regular solutions to (II. 5ft . (II. 101) — 
(II. 12)1 by the method of successive approximations. Moreover, the existence 
is proved in such form that the existence time is inversely proportional to 
the corresponding norms of the initial data and the external force g. We 
derived in Section [I] differential inequality (j4.82jl which makes possible an 
extension of the local solution step by step in time. Notation is introduced 
in Section [2] 

Now we formulate the main results of this paper. 

Let Tj^fi) = {u: ue H k (fl),u t G fceN. 

Remark 1.1. (see ICKJ) Assume that there exists a global special solution 
(g s ,v s ) to problem / II.dl) belonging to space X(fix(kT, (k+l)T)), k G No (see 
definition below). Moreover, the solution is such that there exists positive 
constants p* < g* and p* < g s (x,t ) < g*. 

X(fl x (kT,(k + l)T)) = {(p,u) : 

II t; |lx(Qx(fcT,(fc+l)T)) = II p, ^lUoo^T^fc+lJTy^n)) 

+ l|' y ,tt||L 00 (fcr,(fc+l)T;L 2 (n)) < 

where ||p, v\\h = ||p||rf + |H|# and H can be any space used in this paper. 
Let 

<pi(t) = |Kt),g(t)||r2 (n) , 

Ti = ||w(t)|| r 3(Q) + ||?(t)|lr2 ( n)> 

(u,q) em(flx (kT,(k+l)T)) if 

(u,q) em(flx (kT,(k + l)T)) if 


sup <pi (t) < oo, 

kT<t<(k+l)T 

{k+l)T 

sup <fil(t) + / 4>i (t)dt < OO. 

kT<t<(k+l)T J 

kT 
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Theorem 1.2. [Global existence of solutions to U.,5\) . II 1.1 01) Let 

k G N 0 and T > 0 be given. Assume that g s ,v s G x ( kT , ( k + 1)T)) ; 
f s ,g G L 00 (fcT, (A; + 1)T; rg(f2)). Assume also that there exists a constant 7 
sufficiently small and ^i(O) < 7 ,sup fceNo , |MU TO (fcr,(k+i)Mn)) < c 7 - 
Then there exists a global solution to problem 111 .51) . ( EH 01) -/ TO) such that 
(u, q) G ffl(kT, (k + 1)T; 12) for any fcGN 0 and tp 1 ( t ) < 7 , for any t G M + . 

Theorem 1.3. [Global existence of solutions to problem U.1\) J. Let there 
exists a special solution to H1.31) described by Remark fOl Let the assump¬ 
tions of Theorem \1.2\ hold. Then there exists a global regular solution to 
problem hl.ll) in the form 

v = v s + u, q = Q s + rj 

such that (u,7)) G 9Jt(0 x (kT,(k + 1)T)), k G N 0 and (v s , g s ) G X(12 x 
(kT,(k + l)T)), k G N 0 . 

Moreover the following estimate holds 

sup \\v, ^||aji(nx(fcT,(fc+i)T)) < c ^7 + SU P \\ v s, ^s||x(nx(fcT,(fe+i)T)) 

k k 

where D is a function of sup k ||&,, uJx(nx[fcT,(fc+i)T]) 
and sup fc ||/ s |U 00 (feT,(fc+i);rJ(n)) (see Remark^). 


2 Notation and auxiliary results 

By || • H^n, l > 0 and | • | Pi q, 1 < p < 00 , we denote the norms of the usual 
Sobolev spaces W.) (O) = H l (Ll) and L P {VL) spaces, respectively. 

Next, we introduce the space r z fc (12) of functions u with the finite norm 

IMIrjyn) = ^ \\dt u \\i-iL = \ u \i,k,n, 

i<l—k 

where l > 0 and k > 0, k < l. In this paper we use that l, k G N 0 = NU {0}. 
Let Mi, U 2 , ■ ■ ■, u n be given functions. Then 

n 

iiwi, ^2 ,... ,u n \\x — y ] ii^ii.v, 

i= 1 

where A" is any used in this paper space. 

For distinguish time dependence of functions we introduce the notation 

IMlL p (0,T;H fc (f2)) — IMU,p,Q T > 

IM|l ? (0,T;L p (Q)) = {u) Pt qflT, 
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where p, q E [1, oo]. Moreover, 

IpILpCo.Tsr^n)) — \ u \i,k, P ,n T - 

The index 12 is always omitted. If 12 is replaced by a subdomain of 12, we left 
it in the above notation. Finally, we present the compatibility conditions 

IMIo,n = \ u \2,n, \ u \i,k,n = IM|z,n, \ u \i,i, P ,n T — IMu,p,n T - 

By c we denote the generic constant which changes its value from formula 
to formula. By yj we denote the generic function which is always positive 
increasing function of its arguments and it changes its form from formula to 
formula. Let w be any function in this paper. Then we denote d t w = w >t . 
For functions w n , w s we have d t w n = w n>t , d t w s = w Sit and so on. Let 
a{u) = t 1 / 2 ||ti||3,2,QU 

It is convenient to introduce the elliptic operator 


( 2 . 1 ) Au — p,Au + zA7div u. 

From (1 1.9 [) we obtain the equation of continuity 


( 2 . 2 ) 


+ div (—) = ^i^div v s 
Ps) jt \PsJ Ps 


From continuity equations (11.lp ^ and III.3[) r> we have ^ f n gdx 

- r 

dt JQ 


ft L 6s dx = 0 so 


= 0, 


(2.3) 


qdx = (g 0 — g s0 )dx for any t E M+. 


Inequalities (II . 13[) and (II. 14)1 imply 

(2.4) \v\ P ,^< ci(g*,g*)\q\ P ,n, \q\ P ,n < c 2 (g*, g*)\v\ P ,n- 


To obtain an estimate for spatial derivatives higher than the first we need 
local considerations. For this we introduce a partition of unity ({12j}, {0}), 
where 12 = (^ 12* and lb = supp^. Let 12 be one of the 12's and ((x) = (i(x) 
the corresponding function. If 12 is an interior subdomain, then let Co be such 
that Cj C 12 and (,{x) — 1 for x E Cj. Otherwise we assume that 12 0 5 7 ^ <f>, 
Co 0 S 0 , Co C 12. Let £ EConS enns = S. Then we introduce new 
coordinates y = Y{x) with origin at £. The mapping Y is a composition of 
translation and rotation. Assume that S in the coordinates y is described 
by 1/3 = F(yi, 7/2), where F is sufficiently regular. Then 

= {y ■ \Vi\<2X,i = 1, 2, F{y') < y 3 < F{y') + 2A, y = (y lt y 2 )}, 

U = {y '■ N < A, i = 1, 2, F(y') < y 3 < F(y') + A, y' = (y u y 2 )}. 
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Further, we introduce new variables by 

Zi =Vi, i = 1, 2, z 3 = y 3 - F(y'), y E Cl, 
which will be denoted by z = $(?/), where F is an extension of F to Cl. Let 
Cl = $(12) = {z : \zi\ < 2A, i — 1, 2, 0 < z 3 < 2A} and S = &(S). 
Hence S = {z : z 3 — 0, \zi\ < 2A, %— 1, 2}. 

Let T = $ o Y. Then we introduce the notation V& = J^V Zi | x= ®-i( z ). 

Moreover, for interior subdomains we denote u(x) = u(x)((x), x E Cl, 
Cl n S = (ft, and for boundary subdomains we have u(z) = ii(z)((z), z E 
= \h(Q), Cltl S ^ (ft, where u(z) = u('^~ 1 (z)). 

We use such notation that r replaces z' = (zi,z 2 ) and n = z 3 . Now we 
transform equations (j 1 .5 j) and ( 11.1011 to the local coordinates (we restrict 
the considerations to neighborhoods near the boundary only) 

(2.5) g s u t + Q S V S ■ Vtt - yA z u - zA7 2 div Z u + V z q = f + k x , 


(2.6) 

where V 2 , A z 
ki = kn + k,2, 

(2.7) k u 

—~(qt + v s ■ Vg) + div z u = h + k 2 , 

XPs 

, div 2 means the usual operators with respect to variables 
i — 1,2, and 

= (V 2 — V)g — /x(A- — A)w — z/(V 2 div 2 — Vdiv )u 

(2.8) 

k \2 = gV<C — /r(2VfehVfcC + wAC) — z/(div «VC 
+ + UfcVVi;() 

(2.9) 

k 2 i = (div 2 - div )w, 

(2.10) 

fc 22 = (q/xps)v s • V(f + h • VC, 


where the summation convention over repeated indices is assumed. Finally 

, 2 n x / = Vfs + Q s g ~ [f)(v s t + (v a + u) ■ \/v s ) + Q s u ■ VvjC 

- f)U t - [fj(u + V s ) + Q s u] ■ V«C 
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and 


( 2 . 12 ) 


— U ~ /V Q /S 

h = -— • V(p s + q )C - —div (v s + w). 

X'Ps Ps 


Applying operator (/i + u)V z to (j2.6[) and adding the result to (12.51) one has 


(2.13) 


— + ? ' Vz- 7 -qt + V z q = p(A z u - V 2 div z u) - g s u t - g 8 v s ■ V« 

^ Ps 

+ / +il -fi±Jlv. 


—h s • Vg + (/X + v)(V z h + V 2 /c 2 ). 
Ps 


Moreover, we express (12.5|) in the form 

(/i + v)X7 z div z u = -p(A z u - V z div 2 ft) + g s u t + pA ■ Vm 

2.14 

+ V*g-/-A: 1 . 

Finally, we introduce the notation used in this paper 

<fi = \u(t)\ 2 2l + |g(t)|l il , <pi = |w(t)|!,i + \q(t)\l,n 

& = + 

®i = Ht)\l 2l $1 = \u(t)\l j2 , $1 = \u(t)\l 2A , 

M = \v s (t)\ 2 2A +1 Ps(t) 1 2 ,i, M = \v a (t)\l tl + 

(2.15) ii = l^(t)|^ + |Ps(t)|^, 

^2 = \\vs(t)\\l + IlftWIIl, A 2 = ||t;.(t)||j! + \\~g s (t)\\l 
A2=\\Mt)\\l A +\\Qs(t)\\l A , 

As=\\v st (t)\\l + \\g st (t)\& 

A-4 = A 2 + A 3 + 11 11 o 

Remark 2.1. Let A be the elliptic operator 

Au = pAu + zA7di vu. 

For u,v G H 2 (Q) ft Hq(Q) we have the integration by parts formula 
— / v ■ Audx = / (pVv ■ Vu + vdiv vdivu)dx = / A l ^ 2 v ■ A l ^ 2 udx, 


where 

A l / 2 u = (y/pVu, y/vdivu). 

From [ BIN . Sect. 15] we have the interpolation 

(2.16) |n| 3 < e l/2 \u )X \ 2 + c£" 1/2 |m| 2 , 
where £ G (0,1). We frequently use the interpolation 

(2.17) |M| S < £||u|| a+ fc + c/£||w|| 0 , s, k G N, s + k< 3, £ G (0,1). 


Z113 26-8-2015 











3 Local existence 


To prove local existence of solutions to problem (I1.5I) . fjl. 10[) (jl. 12h we for¬ 
mulate it in the form 

(3 1) QUt ~ ^ U ~ u = r lfs + Qs9 - Vg - [rj(v s , t + (v s + u) ■ Vv s ) 

+ Q s u- Vw s ] - [rj(u + v s ) + g s ujVu, 

(3.2) q t + v ■ Vg = — u ■ Vp s — xgdiv (v s + u) — xp s divu, 

(3.3) u\ t= o = u( 0), q\ t =o = g( 0) 

(3.4) «|s = 0, v s \s = 0, 

where g — g s + rj, v — v s + u, p — p s + g. 

Moreover, it is convenient to consider the equation 

(3.5) rjt + v ■ Vg + gdiv v = —g s divu — u ■ Vg s . 

To prove existence of solutions to problem (13.If) — 113.51) we use the following 
method of successive approximations. Let u n be given. Then rj n , q n: u n+ \ 
are calculated from the following problem 

QnUn+u - pXu n+ 1 - u\/divu n+1 = rj n f s + Q s g - Vg„ 


(3.6) 

- [Vn 

I’sjt + 

Vn(v s + U n ) • 

Xv s + Q s u n ■ Vv s \ 


- [Vu 

(^ + 

u n ) T 

'U'm 

(3.7) 

Qn,t “1“ V n 

<1 

►■Q 

3 

= ~U n ■ Vp s 

- xg n div (v s + u n ) - xpsdivUn, 

(3.8) 

Vn,t + Vs * 

<1 

s 

II 

CO 

£ 

1 

II 

T U n ) - Q s divu n - u n ■ X7q s , 

(3.9) 

V"n-\- 1 

|i=0 — 

MO), g n |t=o 

= q( 0), Vn\t=o = h(0), 

(3.10) 



Un+1 |s 0, 

Va\ S = 0, 

where 

Vfi 'Ug H - 

.) Qn ~ 

■ Qs Qn ~ 

= A(gZ-g). 


The uq approximation is an extension of the initial data w(0). 
To formulate results of this section we introduce the notation 

-^-1 (^1 j • • • j Uki t) ||^1 (t) j ■ ■ ■ j U k (t) || 2,0) 

X\(u\, ■ ■ ■ j Uki t) 11^1) • • • j U k || 2,00,0* j 

(3.11) X 2 (u 1 , ...,u k ,t) = |ui(t), • • -,u k (t) | 2 ,i,n, 

X 2 (U1, • • • > u k, t) — |ui, . . . , Wfe12,1,00,0*) 

«(«) = t 1 / 2 \\u\\ 3 t 2 ,w- 
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Lemma 3.1. Assume that r](0) G H 2 (n), g s G L^O, 2; i/ 3 (12)) ; v s ,u n G 
L 2 (0 ,t]H 3 (Q)). Then 

(3.12) \\nJl < exp[ca(u n )][||g s || 3 i oo,n*Q!(wn) + ||h(0)|| 2 ]- 

Assume that there exists positive constants g*, g* such that g * < £>( 0 ) < g*. 
Then for a sufficiently small time and ||r7(0) || 2 we have that 

(3.13) < g n (t ) < 2g*. 

Proof. Multiplying (13.8ft by rj n and integrating over (2 yields 

(3.14) - C \ V n,x\oo\r]n\2 + c|| g s || 1 11 Mr, || 2 - 

Differentiating (13.8ft with respect to x, multiplying by rf n , x and integrating 
over 12 , gives 

(3.15) ~ clKIWMIi + C ll^l| 2 ||Wn|| 2 - 

Differentiating (j3.8|) twice with respect to x, multiplying by rj njXX and inte¬ 
grating over 12 implies 

(3.16) ^r\r)n,xx \2 < c||u n || 3 ||? 7 j 2 + c|| 0 j 3 ||u n || 3 . 

Adding (13. 14ft - (13. 16ft . integrating the result with respect to time, we obtain 
(13. 12ft . Having (j3. 12j) yields (j3.13j) . This concludes the proof. □ 

Lemma 3.2. Assume that g G L 2 (12*), f s G L 2)OC ,(12 i ), w(0) G L 2 (12), 
Q s ,Vn e Loo(0,2; Tf(12)), v s ,u n G L^O, 2; H 2 (Q)), v S)t G L 2 i00 (12*). Then 

(3.17) 

Wn+i(t)\l + ||un+i|li, 2 ,n* < cexp t(X 2 (g s ) + X 2 (rj n ))• 

■[*lkllWll/-ll 2 ,oo I n* + llftllUn*ll^ll 2 An‘ 

+ t\\Vn II 1,00, n* (1 4" IIO.oo,^*) 4" ^(^-1 {Qsi v s) + X 1 iVni u n)) X^ {Vni u n ) 

+ K 0 )||, 


Xi, X 2 are defined in H3.11\) . 

Proof. Multiplying (13.61) by u n+ 1 , integrating the result over 12 and applying 
the Holder and the Young inequalities, we get 


(3.18) 


r, f QndtU n+1 dx T ||Mn+l||i Y c 


n\\l 


s|IO + 


n 


+ c 


>d 2 + lkll?(IKII? + !KII?)IKII?] 


4“ ll'/n||o. ._ , , 

+ *„||?(|K||?+|K||D + II^II?IKII?]|M? 

1 2 || r || 2 , |i 11 2 || m 2 i |i 11 2 1 , 11 || 2 1 


< C [\\Vn\\l\\fs\\l + ||&||?|Mlo + \\Vn\\l] + c\\Vn\\l\v s , 
+ c(X*(g s , v a ) + X 2 (g n , u n )) 2 X 2 (rj n , u n ). 


2 

1 12 
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The first term on the l.h.s. of (13.1 8ft equals 


Q n u 2 n+1 dx - I g n , t u 2 n+1 dx, 

O O 

where the second term is bounded by 

e|«n+i| 6 d~ c/£{\Qs,t\z T l^n.t^l'Wn+llT 

Employing the consideration in (13.181) , using that g n is separeted from zero 
(see Lemma 13711) we obtain after integration with respect to time inequality 
(13. 17[) . This concludes the proof. □ 

Lemma 3.3. Assume that g s ,v s ,g n ,u n G Loo(0, i; Tf (£))), v S:tt G Loo(0,t; 
f s e 1/^(0, i;Tj(fi)), g G L 2 (0, t] Tj(fi)), tq(0) G L 2 (0). T/ien 

|w n +l,t(t)| 2 + ||Mn+l,t ||l,2,0* — cex P [^(1^12,1,00,0* + I Vn\ 2,l,oo,0*)] 

' C [t |?7n 12,1,00,0* (^ + I f s I l,0,oo,O*) + I Qs I2,1,00,0* \d ll,0,2,0* 

(3.19) + Ct [1^1^1,00,0* II^S,tt 110,00,0* d" X 2 {gsi V S )X 2 (rjni u n) 

d~ (df 2 (^q, 113)^2 (^nj ^n) d“ -A 2 (Ps, u s ) T db, (l/n; ^7i))d^2 
+ (0) 1 2 ] • 

Proof. Differentiating (13.6[) with respect to t, multiplying the result by u n+ i, t 
and integrating over D yields 


^Qn,t^n+l,t d" gn'Un+l,tt Au n +i t f) ■ U n +ij.dx 


(3.20) 


= / ( T Infs + g S g) ■ U n+ \.tdx - / V*/ n ,i • M n+ i it oh 


- / d- 77* (v a d- M„)Vr s + £ s u n • Vu s ],i • u„ + i,t(ix 


/ ([lL (bs d“ M n ) T Ps^n]Vu n ),t • Un+x^dx. 


First we estimate the l.h.s. of (13.201) . The first term equals 


Qnj'U'n -f 


d £ |^n+l,i lo d" c/^( || || i d~ || l]n,t || l) |^7i+l ,t 


2 

27 


O 
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the second implies 


2 j @n \ u n+l,t | dx — 2 (If j dn u n +l,td' X ^ J Qn,t U n+l,t^ X i 
n an 

where the last integral is estimated above. Finally, the last term on the 

l.h.s. equals 

IK+mII?. 

The first term on the r.h.s. is bounded by 


e|t Wllt |g + c/ e (|» M |l ll l/.l?, 0 + 1 ^ 11 , 1 ^ 1 ?, 0 ) 


the second by 
and the last two by 


£ |^n+l,:rtI 2 T c/ s\jj n .t 12 


£\u n+ l,t\l + c/4\Vn\l,l\v s ,tt\l + \Vn\ 2 ,l\ 2 \\v S}t \\l + \Vn\l,l(\v s \l,l + KllJNgl 

"b I 12,11 12,11 12,1 d" \f)n 12,1 (I ^ 7 s 12,1 d" l^n^l) I U n\ 2t \ d~ I £?s 12,1 12,l] 

< e|« n +i,t |6 + c/e[\ri n \l } 1 \v Sttt \l + ll,i|l,i + (A" 2 4 (^ s ,u s ) 

+ X%(q s , v s )X%(rj m ) + xfa m ))X 2 2 (v m u n)} • 


Using the above estimates in (13.201) and assuming that £ is sufficiently small, 
we obtain 

d /* 

J QnU 2 n+u dx+ ||lX„+i,t||? < c(||& it ||? + \\Vn,t\\l) K+l,t|i 
n 

(3.21) + c(\r] nt t\l + |^n| 2 ,l|/s|i,o d- bslgiblpo) 

+ c[\Vn\h\v s ,tt\l + X%(Q s ,v s )X2(ri ni ^ n ) + {x*{ e »v a ) 

+ X%(g a ,v a )X%(rj ni Mn ) + x^Av m ^n ))x 2 2 (v m u n )\• 


in view of (13.131) and integration (13.211) with respect to time we get (13.191) . 
This concludes the proof. □ 

Lemma 3.4. Assume that u n+1 G L 2 (0, t\ H 3 (Q)), g s ,r) n ,u n G L 0O (0,i; 
r?(fi)), v s G L^t; rg(fi)), f s g g e l 2 (o,ut 4 (q)) ; 

«(o) g l 2 ( n), « t (o) g H\n). 

Then 

\\ u n+l,t(t)\\l + ||Wn+l,t||2,2,n‘ < £ H M n+l3,2,12* 

(3.22) + Jl it a x 2 (n 

ni ) j X 2 (Qs j Vs) j | /s 11,0,00,0* j Kb 12,0,00,12*)’ 

• [f a X 2 2 (r/ n ,n n ) + |s|? i0)2| n t + |n(0)| 2 + |K(0)|| 2 ], 
where a > 0 and £ G (0,1). 
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Proof. Differentiate (13.6ft with respect to time, multiply the result by 
— Au n+ i )t and integrate over fh Then we have 


(QnpJ j n-\- 1 .t T Qn^n+\ ,u) ' Au n -^-\fdx T / l^d/Wn+gil ^X 


(3.23) 


(Vnfs + Q s g),t ■ Au n+1>t dx + / Vg n ,t • Au n+ I )t dx 


+ / [r)nV s ,t + Vn(v s + u) ■ X7v s + • Vv s ],t • Au^+i^cU 


T / ([^n(^s T ^n) T Qs'U'nl VUn) ,t ' Au n -\-± ^dx. 


n 

Now we estimate the terms from (I3.23jl . The first part of the first integral 
on the l.h.s. of (13.231) is bounded by 


Qn,t'U"n+l,t " Au n+ ijdx 


— & | All n +\ t t 1 2 T cf £ | Qn,t 16 |^n+l, 


12 — T 

13 = 


n 

Using (12.161) we estimate the second term in I\ by 

£ 11 ^n-\-l,xt 12 T | |g |^n+l,t 12 • 

In view of the above estimates, application of the Holder and the Young 
inequalities to the integrals from the r.h.s. of (13. 23ft and using the estimate 

(3-24) IMI 2 < c||/||o 


which holds for solutions to the problem 


(3.25) 


we obtain 


Au = /, 
u\s = 0, 


J ' Au n+U dx + Il“»+l,ill 2 < cWenAtK+ull 

n 

(3.26) + c\{r] n f s + Q s g),t\l + c\X7q n ,t\l 

”1“ (j]vVs,t Vnfas "t” ^n) Qs'Un ’ ^^s\t\2 

c|[(/y ri ( , U s Hu) Qs'U'n) * ^^n],t|2* 
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Now, we estimate terms from (13.26H . Using the integration by parts formula 
(see Remark 12.ip the first integral on the l.h.s. of (j3.26f) takes the form 


(3.27) / A 1/2 g n u n+htt A 1/2 u n+ljt dx + / g n A 1/2 u n+1:tt A 1/2 u n+ht dx. 


The second integral in (13.27h equals 


1 d 


- I Q n d t \A 1,2 u n+l)t \ 2 dx = I Q n \A 1/2 u n+1:t \ 2 dx 


n 


1 

2 


Q n ,t\A 1/2 U n+ ij\ 2 dx = h. 


n 


the second integral in I\ is bounded by 

e\A 1/2 u n+ht \l + c/£\g njt \ 2 2 \A 1/2 u n+ljt \l = J 2 . 

Using interpolation (I2.16|) we get 

h < e H M n+l,t||2 + £ l c / £ ll M n+l,<||2 + C / ££ 1 1 Qn,t | 2 \u n +l,t \ \- 
The first integral in (I3.27P is estimated by 


(3.28) 


e\ ^ra+ljtt 12 T c/e | Qn,x |q \^n+l,xt | 3 T El I 1 || 2 

+ c/eei\\Q n \\\\u n +ij\%. 


To estimate the first term in (13.281) we calculate u n+ i jtt from (13.6p . Hence, 
we have 

11 11 

Un-\-l,t Au n -\.i T ijlnfs T Qsd) ^ Qn \j]n^s,t 

Qn Qn Qn Qn 

'Qni^s H" 'U>n) ~b Qs'U'n * — “1“ ^n) 

Qn 


(3.29) 




Continuing, we get 


£?n 




= -^n+1 + - (rjnfs + Q s g) - -Vg, 


Qn 


Qn 


(3.30) 


— [rjnV s ,t + Vn(v s + u n ) ■ Vv s + p s M n ■ Vu s ] 

Qn / ± 


— [Vn(v s + Un) + Q s U n ] ■ V« n 
Qn / ,t 
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Taking, the L 2 -norm of (I3.30P ahnd using (13.13j> we obtain 


(3.31) 


l^n+1,tt|2 — *-"11 ^n+l,t || 2 T C-\Qn,t. 161 Au n +\ 13 

+ V{\Qs\ 2 ,l, |^n|2,l)[|^n|2,l|/s|l,0 + \d\lfl + \Vn\l,l] 

+ <p(X 2 {g s , v s ),X 2 {r} n , u n ))[\v s \l 0 + X%(g s , v a ) 

+ X 2 2 (v ni )]X 2 2 (v m 'U'n) • 


Similarly, the r.li.s. of (13.261) is estimatede by the last two terms on the 
r.h.s. of (1T2TD . 

Using the above estimates in (j3.26[) and assuming that e, £\ are suffi¬ 
ciently small we obtain 


J Q n \A 1/2 u n+1 j\ 2 dx+ \\u n+ht \\l 


(3.32) 


< £2\\u n +l\\l + c\g n \2 A (\u n+h t\l + c/£ 2 \Un+l\l) 

+ <-P{\Qs\2,1, lhn|2,l)[|hn|2,l|/s|l,0 + Ml,0 + \Vn\l, 


+ (p(X 2 (g s , v s ),X 2 (rj n , u n ))[\v s \ 2 2 0 + X 2 (g s , v s ) 

+ x 2 2 (v m 'U'n )}x 2 2 (v m u n)- 

Using notation (13.111) we express (j3.17[) in the form 

kn+l (t) 1 2 T |kn+l || 1,2,0* fs <P{t X 2 (j] m W* n ),X 2 (g s ,v s ), 
\\fs\\o,oo,n*)[t a X%{r} n ,Un) + Iloilo,2,n 4 + K0)||. 

Similarly (13.191) gives 

kn+l,tk)|2 T lkn+1,41| 1,2,17* — ^2 (j) m 'U>n) 5 X 2 (g s ,v s ), 

Ifllfl^^i^X^rjnjUn) + |^|? j0 , 2 ,n* + 1^(0) li] 5 


(3.33) 


(3.34) 


where a > 0. Integrating (13.321) with respect to time and using (j3.33j) and 
(13.34p we obtain (13.221) . This concludes the proof. □ 

To estimate the first norm on the r.h.s. of (13 .2 2ft we need 
Lemma 3.5. Assume that 

'U“n+l,t ^ L , 2 ( 0 J t J H (fl)), g s , V s , T/ni u n £ ^00(0, t, T|(U)) , 

fs e ^oo( 0 , t- H\n)), g e l 2 { 0 , t- H\n)), u(0) e r?(ft). 


(3.35) 

Then 


lkn+1 (t) || 2 + 11 u n+l 113,2,0* — £ ll M n+l,4 II2,2,0* 


(3.36) + exp {tX 2 (g s , rj n ))-[(p(t a X 2 (rj n , u n ),X 2 (g s , v s ), 


S 1,00 




t Xi(rj n ,u n )( 1 + |Kt|lo,oo,nO + lkslli,oo,n t llfi , lli, 2 ,n‘ + \ u 


2,1J 
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Proof. To prove the lemma we have to use the local considerations. We 
restrict them to neighborhoods near the boundary, because estimates in 
interior subdomains are simpler and similar. In view of notation in Section 
[21 we transform (13.6[) in accordance to (12.51) . Then we have 

Qn^n+l,t A z 1l n j r 1 Qnfs T Qs9 ^QnC 

- [fjnV s ,t + Vn(v S + Un) -VV s + Q s U n ' V?) S ]C 

(3.37) T h n ) T £?sh n ] • Vii n <( T (A x A z )u n +1 

- [n(2X7kiin+iV k ( + u n+ iAC) + z/(divh n+ iVC 

+ VhfcVfcC + hfcVVfc C)]j 


where A z = [iA z + z/V 2 cliv z , A x = /iV x + //V x div x 

Differentiating ( 13 . 371 ) with respect to r, multiplying the result by —A z u n+ i iT , 
integrating over D and by parts, we get 


Aj (yQn^n+ijt), tAJ‘ u n+ i jT dz T / | A z u n j r \ T | dz 


/ \f)nfs + Qs9\,T-^-z^n+i,T^ A ' A I QnC) ,r ' A z U n -\-± jT dz 


( 3 . 38 ) 


f C\f)n^s,t T Vni^s T h n ) VDs T Qs'dn ' ,TA z Un+l,Tdz 
Cl 

J (.\VniPs A u n ) T ^ u n Cf) T A z u n j t \ T dA, 

Cl 

A J"\(A X 7 lz)'u n _|_]J ]T • 
h 


f [/l(2VS;Mn+l ^kC A U n +iAC) T I^(div V T VMn+l,fc VfcC 
d 

T ^n+l,S;VVfeC)],T ’ A z U n +l,rdx. 


The hrst term on the l.li.s. of (I 3 . 38 P equals 

I QnA / U n -\ -l, T t ' A / U n+ i }T dx T / ^ ^n+ 1 ,; 


T ^4 ^ Qn^n+l,rt T ^4 Pn,r^n+lJ ‘ -*4 ^ ^n+l,rdz — 7, 
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where the first term in / takes the form 



2 dz 


| 2dz ~\ [ Qn,t\ Al/2 Un+l,T\ 2 dz, 


and the second term in is bounded by 

Qn,t I 3 1-^- ^ ^71+1,t|3 ^ ^|| Qn,t || 1 ||^n+l,T || 2 ||^n+l,r || 1 

^ £ ||^n+l,r || 2 ~b c/s || Q n ^ t|| 1 1 | Vj n -\.\^ r || J 

Q 

ft ^ H^n+ljr || 2 d~ ~ || Qn,t || 111 U n +1,T | 2 | ^n+l,r | 0 
^ £ ||^n+l,r || 2 d" c/ £ || Qn,t || 1 1| ^n+l,r | O' 

We bound the second term in I by 

£ ||fbi+l,T112 d~ c/sll^ril^ll^n+ljtlli- 
line the terms from the r.h.s. of (13.381) . The first is bounded 

12 > 


Next, we examine 
by 

e||^4,iW 1>ir ||g + c/edl^ll^H/.H? + ||&||= fl ll^lli), 

the second by 

£||A 2 'U n _|_i iT ||o d" c/£||(Zn||2> 

the third by 

^IldUbi+l.rllo d- c / £ (\\Vn\\ 2 f l \Vs\ 2 j i t £ l + ||^||^(||h s || 2 ,n d" 

d" H^ s ll2,nll^ n Il2,nll^ s ll2,n)’ 

the fourth by 

£||^n+l,r||o + c/etll^ll^dlv.ll^ + IKII^) + IIII 2,ft II2,ft] ' 

Finally, the last but one term by 

cA||w n+ i !T || 2 

and the last by 

£\\A z U n+ltT \\l + C-/ £\\u n+ i\\ 2 2Cl . 
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Employing the above estimates in (j3.38[) and assuming that £ is sufficiently 
small, we derive 


d r 

I Qn\A-J U n -\-\' T \ d,Z |j4. z ^n.+ l. 


2 

r |2 


(3.39) 


— c ( 11 £?n 11 2 q 11 u n+l,t 111 ~b || Qn,t || l ||^n+l,r || o 


+ 


12 

12 ,Cl 


\\fs\\l + ||& 


12 

1 2,Cl 


i + 


| 2 A 
i2,fh 


ffi li.Vm h n ), X 2 (Os, V S ))X, ('TJ n , U n ) cA||M n+ i jr || 2 


+ C||u n +l|| 2 j2- 

From (I3.37h we have 


||^n+l,2ZZ 110 — ^ll^n+l ,ZZT 110 ffi c [ll0n|l 2 ,nll^n+l,i||l 


(3.40) 


7n|| 2) nll/s|ll + II @ s II2,0 


i + 


l n I I2.fi] 


+ if(X 1 (‘fi n ,u n ),X 2 (g s ,v s ))X^(fi n ,u n ) + cX\\u n+1 \\\ 

+ c||h n+ i|| 


2,0' 


Integrating (13.391) and (13.401) with respect to time, adding, using that A is 
sufficietnly small, using estimates (I3.17j) and (I3.19j) . we obtain 


^ @n\'U’n+l,rz 1 2 dz + ||'£tn+i|li, 2 ,n* 

(3.41) 

< <p(t a X 1 (fj n ,u n ),X 2 (Q s ,v s ), ||/j 1 , 00 , w)t a Xl(f) n ,u n ) 

+ c II^|| 2 qII^IIi + c ll^(o) 111 + c ll^(o)llo + c ll“«+i 1 ( 2 , 2 ,h‘- 

Passing in neighborhoods near the boundary to the old variables x, deriv¬ 
ing similar estimates in interior subdomains, summing up over all neighbor¬ 
hoods of the partition of unity and using the expression 

^/w* — ^ 11^+1,* II 2 ffi c/£||u 71 -i_i ja;;E ||5 

n 

integrated with respect to time we obtain the inequality 

||^n+l (t) ||2 + ||^ra+l II 3,2,f! 4 < £||'^ra+l,t|| 2 , 2 ,n t 

(3.42) -|-c/£||'U n -|_i )3 ; 3 ;||o i 2,ni ffi ^p(t X2(rj n , u n ), X2^q S7 u s ), ||/s||i,oo,q*)' 

• t a Xl{r] ni u n ) + cWQsWl^WgWl^ + c|u(0)| 21 , 
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where a > 0. Using the interpolation inequality (12. 17ft in the second norm 
on the r.h.s. of (I3.42p we obtain 

||^n+l(^) 112 + ||^n+l 113,2,f2* — £ II U n+l,t || 2,2,0* + c/E^Un+i || 0 ,2,O* 

(3.43) + ip(t a X 2 (ri n ,u n ),X 2 (gs,v s ), \\fs\\i,oo,w)t a X*(ri n , u n ) 

+ c|b s |li I oo,n*ll^ll? I 2,n t c l M (^)l2,i' 

We use (13.171) to estimate the second norm on the r.h.s. of (13.431) . Then 
(13.361) follows. This concludes the proof. □ 

Lemma 3.6. Assume that 

q s , v s e l^o, t- r?(fi)) n ^(o, t; h 3 (Q)), v s g L 0 O (o, t; rjj(fi)), 

(3.44) f s e 9 e 77(0) G// 2 (U), 

«(o) g r?(fi), t < t. 


Then there exists T* sufficietntly small and M which depends on the norms 
from ft3.44\ ) that 


(3.45) 


l^n(^) 12,1 + 1 ^ 13 , 2 , 2 , 0 * < M, Vn 6 N, t < T*. 


Proof. From (\3.22\i and (I3.36P and for e sufficiently small we derive the 
inequality 


(3.46) 


I 7/n+l (t) 12,1 + | u n+l1 3 , 2 , 2,0* — -^-2{Vni u n)i V s ), 


l/.l l,0,oo,Q £ ? |^s|2,0,oo, Qt)\t a X 2 (r) n , U n ) + |fi'|f i o,2,0 T + 1 7/(0) ( 2 , 1 ]; 
where a > 0. 


From 


we have 


(3.47) ||77„,t||l < c(||v s || 2 ||77 n || 2 + IlftlhllUnlb + ll^nlhllMnlh)- 


Employing (13.471) in (13.461) and using (13.121) in the result we obtain the 
inequality 


(3.48) 


|7Zn+l (f) 1 2,1 |tZti +1 15,2,2,0* — ’flipi.Un) , t | ^ 77 . | 2,1,00 ,f2 £ 5^(^s)) 

X 2 (Qs,V 8 ), \f s \ 

l,0,oo,f2 £ j \^s |2,0,oo,f2 £ ) [|| Qs 113,oo, 0*«(u n ) 

+ 1177 (0) || 2 + | < 71 1 ) 0 ,2,0* + 1^(0) 12,1] • 


We assume that approximation uq is constructed by an extension of the 
initial data w(0). Assume that (13.45P holds. Then (13.48P implies 


\ u n+l(t)\li + \u n +l 11,2,2,0* < <p(t 1 / 2 M, t°M, Ot(v a ), X 2 (q s , V s ), 

I fs 11,0 ,oo,0* 1 |^s|2,0,oo,O*) [|| Qs ||3,oo,0*^ ^ M -\- |^711,0,2,0* 

+ Ik0)lll + l«(0)|l, 1 ]. 
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If 

M 2 > </>(0, 0, 0, X 2 (Qs, V s ): \fs\ 1,0,00,0* j |^s |2,0,oo,Q*) [| 9 11,0,2,0* 

+ lk(o)lli + Ko)H, 1 ] 

we obtain for t sufficiently small that 

l^n+l if) 1 2,1 + l M n+l 1 3,2,2,Q* — M ) 


because 99 is an increasing positive continuous function. This implies fj3.45j) 
for all n and concludes the proof. □ 

To prove convergence of the considered sequence we introduce the differences 

(3.49) U n U n Un— I; E n T] n l/n— 1 ; Qn Qn Qn—li 

which are solutions to the problems 


(3.50) 


QnJJn+\,t [lAU r i-|_ 1 oVdiv U n j r \ E n U n t 

E E n fs V Qn \E n v T E n v s • V v s E n v n • V v s 
E Vn— 1 Un ' ^Vs E QsEn * Vn 5 ] [E n (v s T n^) • ^Xl n 
T Tln-l^s ' T l~l n —\(U n • Vtin. T M rl _i • Vt/fj)], 


(3.51) 

and 


#n,t + = — i? n div n s - Endivun - 77 n_idiv U n 

- 0 . 5 div U n - U n ■ X7 q s , 


Un\s — 0 , Un\t=o — 0 , E n \ t= o — 0 , n > 0 . 
By Uq, Eq we have extensions of the initial data. 


Lemma 3.7. Let the assumptions of Lemma 1 3. 1\ hold 
Then 

(3.52) ||£fn+l||o,oo,n* + || f^n+l || 1,2,0* < <^(M)£ a (||[/ n ||o,oo,0* + ||C^ra||l,2,f2*)j 

where a > 0 . 


Proof. Multiplying (I3.50p by U n+ 1 , integrating the result over and using 
boundary conditions we have 


(3.53) 


2 J QndtUn +1 clx + \\U n+ i\\l < c(\f s \~ + 1 + Lp(\u n \ 2 ,h\v s \ 2 ,l))\E n \2 
a 

+ c||?7n— 1 1| 2 (ll^s || 2 + 11 11 2 ) | Un | 2 < P(M) (| E n \ \ + (Ln^), 
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where we used assumptions of Lemma 13.61 Continuing, we have 


(3.54) 


d I* 

J QnU n+ idx E 11 U n +i 11 1 < c (|^s,t| 3 E | 1 3 ) | 1 2 

n 

+ <p(M)(\E n \l + \U n \ 2 2 ). 


Multiplying (I3.5ip by E n and integrating over f2 we get 

~^\E n \2 E c( Ill’s II 3 E || U n || 3) | E n I 2 E c( || ?7ri— 1 11 2 E || Qs || 2 ) || U n || 1 . 

Integrating the above inequality with respect to time yields 

, 0 rr , | E n (t)1 2 < exp[ct 1/2 (||n s || 3i 2 ,o‘ + ||wn||3,2,n*)]- 

(3.55) 

c( || l]n— 1 11 2,oo,0* E || £?s || 2,oo,0* "}t | U n | 1,2,0* • 


Using (13.551) in (I3.54p and integraing the result with respect to time we get 
(I3.52p . This concludes the proof. □ 

From Lemma 13.1113.21 we have 

Theorem 3.8. Let the assumptions of Lemma \3.1\ hold. Let cr(0) be so 
small that \3.13\ ) is satisfied. Then for sufficiently small time T there exists 
a solution to problem H3.1\) - IET5 1) such that 

u e L 00 (0, T; r 2 (U)) n l 2 (o, t- r 3 2 (n)) = n(n T ), 

rj e L^O^r 2 ^)) = B(LI t ) and 

IMU(OT) + ||??||.B(n r ) < M, 

where M is introduced in Lemma lS. 1[ 


4 Differential inequality 

To prove the differential inequality we need existence of sufficiently regular 
local solution. Moreover, we need relations (11.141) . However, they hold for 
the local solution, the differential inequality shows that they remain to hold 
for all time. 

We remark that in this section we shall indicate any equivalent norm 
in H s (fl) with the same symbol || • || s . However constants in this section 
depend on constants from (I1.14p . we do not mark it. 

First, applying global domain considerations, we show 
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Lemma 4.1. For sufficiently regular solutions to HI. 5 1) . U.lOD - Fl.lSM it 
holds 


(4.1) 

d 

dt 


yfolu, y/QUt, —=q 


y/P~ s ’ 


Qt 


+ ||m, u t \\l + || q, qt\\{ 


< cFi\\fs\\i + c-^illfl'llo + c ^i(l + ^i)^! + + c(l + ip i)(^i = cXg, 


where 


(4.2) ^i(t) = K*)|!,i + k(t)||,i, ^i(t) = I Qsif) 1 2,1 + M*)l|i- 

Proof. Multiplying (11.51) by u, (11.101) by q, integrating over 12, adding and 
using (11.31) 9 and (12.21) . respectively, we get 


4 / ( Q s u z + -^q z ) dx + ||w||i < c 


(4.3) 


dt J \ xp s 


+ c |divn s |g 2 da;. 


/ • udx 


hqdx 


Differentiating (11.51) and (11.101) with respect to time, multiplying the results 
by u t . and q t , respectively, adding, integrating over 12 with using (11.31) 9 and 
(12. 2p . respectively, we obtain 


d_ 

dt 


y/~Qs'U j ti r — q 

yPs 


IMIS < c 


(,QstUt + ( Q s v s ),t ■ V uu t )dx 


(4.4) 


+ c 


+ c 


L \Ps 


Qt + 


s/ ,t 


ft ■ u t dx 


+ c 


p*/ ,t 
I h t ■ qtdx 


■ Vqq t dx 
= ch. 


+ c 


div v s q?dx 


n 


From (11.101) we have 

( 4 -5) Ml < c(|K ■ Vq\\l + ||divti||g + M ,* Mo 

Adding (14. 3 p and (14.5p appropriately, we get 

+ IMIi + HIS < c [ f -udx 


d 

dt 


(4.6) 


y&ti, —=q 

yPs 


+ c 


h ■ qdx 


+ c 


| div v s \q 2 dx 


+ c||i7 s • Vg||o + c||/z||o = cl 2 
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Let us consider the Stokes system 

— fiAu + X7q — f + v'Vdivu — ft (ft + ft ■ Vw), 
(4.7) divw = div-u, 

u\ s = 0. 

Let us introduce a function p such that 


(4.8) div p = q, p\s = 0. 

Following [KPj . there exists a solution to (14. 8 p such that p G H 1 and 

( 4 -9) M|i<c||g|| 0 . 

Multiplying (14.71b by p, integrating over 12 and using (14.91) yields 

(4.10) Ikllo < c(||«||? + l/li /5 + | u t \l /5 + \v s • Vw|g /5 ), 

where we used that ft < ft < £>*• Inequalities (14.4[) and (14. 6 p imply 


(4.11) 


d 

dt 


yjQs'U'i yjQs^ti — q i —ft 

y/Ps y/Ps 


+ lift ft 111 + lift Ho — C /l + I?)- 


Now, adding appropriately (14. 10p and (14.lip gives 

2 


d_ 

(4.12) dt 


\/ftft y/e^Ut, — !=ft —Lft 
y/pl y/Fs 


+ lift ft 111 + lift ft Ho < C /l + ^2 


+ I/ll/s + |ft ■ V«|e/ 5 ). 

Now, we calculate 

h < e(||ft||i + ||ft||o) + c/e^QsW^ + |u s |li + | ft 1 2,1 1 ft Hi 
+ |ft 1 2,1 1 ft Hi] (1^1 2,1 + Hlgl) + C / £ (\ft\l/5 + Iloilo)) 

h < e(||w||? + Ikllo) + c/e(||ft||!lM|? + l/li/s + iHlIo)- 


Emploing the above estimates in (I4.12p yields 

2 


(4.13) 


d_ 

dt 


V'ftft y/olut, ~^=q, —Uft 

y/Fs y/pl 


+ llftftlli + llftftllc 


< cAi(l + Ai)pi + c(|/i|g/ 5 + \\h t \\l + ||h||o) + / hfUtdx. 
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Now estimate the last four terms from the r.h.s. of (14.131) . Using that 
/ = fi + I 2 , h = ~V u t (see (SSI)) we have 


l/i 1 6/5 — M2II/J1 + IMIlilkllo + c ^i(l + ^1)^1 + cA\ip\ + cip\. 


Next 


J ht ■ u t dx 

n 


J ( r)u t ) t u t dx 

n 


-1|^ J V u t dx - ^ J r] t u 2 t dx, 

n n 


where the second integral is estimated by 


rj t u 2 dx 


<e|Nl! + c«W?<eK + c/^. 


Finally, we have 

Iloilo < c(Ai^i + (pi) 

and 

Iloilo < c(i4i^i + ^). 

Using the above estimates in (14.13ft and assuming that £ is sufficiently small 
we derive (14.1|) . This concludes the proof. □ 

Next we obtain an estimate for the second spatial derivatives of u and 
the first of q. 


Lemma 4.2. For sufficiently smooth solutions we have 
(4.14) 


d 

dt 


ydgfu, y/~QUt, — q, — qt, \fQsUxj r—{ 

yPs y/Ps yPs 


+ Mil + Ik, Ml? < c ^2, 


where 

(4.15) 

x i + \v\l,o\fs\lo + l^lioklpo + IMI?lkttllo 

< c< pi\fs\ifl + cA i\g\io + IkllilKbttllo + c ^i(i + ^ 1)^1 + (1 + Ai + 

= cX 2 , 


and X\ is introduced in UJJDf}. 


Proof. Differentiate f!2.5[) and (12.61) with respect to r, next multiply by u T 
and q T , respectively, add, integrate over fl and use transformed equations 
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(1 1.3 H o and (12.2p . Then we get 
(4.16) 
d 

dt 


Q s u r + —q r )dz + ||u* T ||o + ||divn r ||5 
xps 


n 


(^Qsr'U't T (Ps^s) ,r * ^z) * U T dz 





— (it+\ — ) q 


*Ps 


q T dz 


+ (x + 1) J —div v s cftdz + J [/ iT • u T + fci iT n r + h iT q T + k 2 , T qr]dz. 

Cl Cl 

Let us introduce the quantities 

(4.17) (p! (t) = \u\ 2 2A + \q\l A , B\ (t) = ||h s (t)||^ + \\p s (t)\\l A 
Then the first three terms on the r.h.s. of (14.161) are bounded by 

e(\\ur\\i + \\qr\\l) + ^M^ + Bi)<h- 

The last term on the r.h.s. of (I4.16P is bounded by 

<\\urr\\i+mi) + -mi+wm + -dicing+ mwi)- 

£ £ 

In view of (12.7p and (12.8p we have 

(4.18) |Nlo < c\(\\q z \\l + \\u zz \\l) + cMlfl + 11*11?,h) 
and (12791) . (12T0D imply 

(4.19) ||^ 2 ,rllo — cA||u**||g + c\\u\\l + cBi( 1 + 5 1 )||g||y 

Employing the above estimjates in (14.161) and assuming that £ is sufficiently 
small yields 

d_ 
dt 


QsUr + — q T )dz + \\uzt\\o + ||divu T ||o 
*Ps 




(4 ' 20) < E|l9rllS + jA(||u J? + Hillo) + f(ll*ll?,A + Il9lln.fi) 

+^ 1 (i+B 1 ) ( 5 1 + hii/iis+iisiif). 

£ £ 

To estimate the last two norms we introduce 


(4.21) 0i(t) = 1*1? in + 


B 2 {t) = \v s (t)\* 6 + |&(t)|‘ 


25 


Z113 26-8-2015 

















Then, using (12.lip , we have 


(4.22) 


i<c\miM\\i+ c \\ni+cm+B 2 )<px 


+ c( 1 + B 2 + (pi)<pi<fii. 

Finally, (\2.12\i implies 

(4.23) ll^lli < c(l + B 2 )(B 2 + (pi)(pi. 

Using estimate (I4.22p and (I4.23P in (I4.20p yields 

J (g s ul + -^-q^dz+ ||w*t||o+ IldivwrllS 

Ci 

(4 ' 24) < Ellens + C -M\\u,4c +119*113) + )(IMIh + 1140 


10,0' 


H—-82(1 + B 2 )<fi 4 — (1 + £>2 + <Pi) l Pi l Pi + c<£i||/g||o + cll^Ho- 

£ £ 


Multiplying the third component of ()2.13j) by q n and integrating the result 
over U yields 
(4.25) ^ 

^7 — J d n Qndz + - J d n • Vg) q n dz + ||g n ||o 

Ci Ci 

< c{\\u ZT \\l + INI* + INy + ll/ll* + |Nlo) + c(|N||f + INI?)- 

The first two terms on the l.h.s. of (I4.25P equal 


l-i + v 


2k J \Ps 
Ci 

+ d n ( ^ ) ■ Wqq n 
\PsJ 


—d t ql + ~v s ■Vq{]dz+^ + U 


Ps 

dz = I\ + I 2 . 


dn ( > ) d dn 
Ps , 


Employing equation (12.2ji transformed to variables z in I\ yields 


p + v d r 1 

2k dt J p 


qldz+ ( /t + ^)( x+1 ) f J_di vv s q 2 n dz, 
2xr J Ps 


where the second integral is bounded by 


4 Qn\\l + c/e\\v s \\lJq n \\l 
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Next, 


1-^2 | < e|| 9 n||o + 


2,ntliytllo 


2 + \\v II 2 - 


In view of the above relations and estimates (14.181) . (14.19ft . (14.22ft . (14.231) we 
obtain from (14.25ft . for sufficiently small e, the inequality 


d_ r 1 

dt ] p. 


-fndz+ml<c{\\uAl+\\Ml) 


(4.26) 


-A(||m zz ||o + Iloilo) + -(IMI^n + 

H—-^ 2(1 + B 2 )(pi H—(1 + B 2 + (pi)(p\(pi + c^ill/sllo + c 


I 2 0 


£ £ 

where (14.21) and (j4.21 [) were used. 

Taking the L 2 -norm of the third component of (12.14)> yields 


(4.27) 


lldivu.il 2 < c(||u , T || 2 + llittllo + IlSnllo) + c||«.||J ifi ||u||i 

+cmi+\\h\\i). 

Using again (14.181) and (14.22ft and also notation (14.171) . (14.21ft we have 
l|divu.|| 2 < c(||u 2T ||o + |H| 2 + ||? re ||o) + cA(||u zz ||g + ||g,||jj) 


(4.28) 


+ c u 


1,0 


+ 


1 2 

lo,f2 


) + cB 2 ( 1 + B 2 )<p 1 + c(l + B 2 + <pi)<pi<pi 


+ Will f s \\l + c\\g\\l. 


Adding appropriately (14.241) . (14,26ft and (14.281) gives 
(4.29) 


d 

dt 


^ \ QsU 2 T + j-q 2 r y z + j t f jq 2 J z + ||« zr ||o + ||divu|| 2 + ||g n || 2 


1 2 1 11 ~ 11 2 1 C \ r\\ ~ ||2 1 || ~||2 ' C 


<£|k~r||^ + c||u t || 2 + -A(||^|| 2 + 


io,o 


) H—£> 2(1 + B 2 )pi 


+ ~(1 + B 2 + + cvAH/J 2 + c 

Passing to the old variables x in (14.29ft . deriving an inequality similar to 
(14.29ft in an interior subdomain, summing the inequalities over all neigh¬ 
borhoods of the partition of unity, we obtain 

4 [ (QsU 2 T + —ql)dx+ \\u ZT \\l + ||divu||? + ||g„||o 


dt 


Ps 


^ ^ < £ lkr||o + c ll M i|lo + “A(||u xx ||o + ||9a:||o) + “(IMIl + imi(p 

+ “^(l + ^1 ) L Pl + “(1 + Ai + Pi)p\ + C<^i||/ S ||5 + C||y|| 0 , 
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where u T means that in a neighborhood of the boundary there are only 
tangent derivatives. Similarly, q n means that only normal derivative near 
the boundary appears. 

For solutions to problem (14.71) we have 

(4.31) Ml + |M|? < c(||divu||? + ll/llo + \\u t \\l + |HlilM|?). 


Adding appropriately (I4.30p and (14.31 jl yields 


(4.32) 


j t I (qsUt + ~ ( &\ d x + IMI2 + Iklli < c Hllo + c (IMIi + Ikllo) 

o 

+ cAi( 1 + Ai)ipi + c( 1 + Ai + ip i) ip i + ap ! 11 j~ $ 11 q + c||g|| 5 , 


where we used that A is sufficiently small and 

(4.33) ll/llo < cAi(l + Ai)<pi + c(l + Ai + <p{)ip\ + c<^i ||/ s ||5 + c||^||§. 
Equation (ll.lOp yields 

(4.34) ||||i < c(||divu|| 2 + A\{ 1 + Ai)ipi + (1 + Ai)<p\). 


Then (14.321) and (14.341) yield 
(4.35) 

j t f (q s u 2 t + jql^j dx + \\u\\l + || q, q t \\{ < c(||u t ||§ + |M| 2 + ||g||§) + cX 2 , 
n 


where 


(4.36) X\ — Ax(l + Ai)<pi + (1 + A 1 + ip\)<p\ + <pi ||/ s 11 q + Hfi'llo- 

To obtain the full derivatives with respect to x of u under the time derivative 
in (14.35P we multiply (11.51) by —Au and integrate over Q. Then we have 


(4.37) 


g s u t Audx — / g s v s ■ XuAudx + || Aw| 


< c(||g*||i + ||/||o)- 

Integrating by parts the first two terms on the l.h.s. of (14.371) equals 

J A 1/,2 (g s u t + g s v s • Xu) • A x ^ 2 udx 
u 

= j [A 1 / 2 g s u t + A l/2 (g s v s ) • Xu] ■ A 1/2 udx 
+ / {QsA^^Ut + g s v s ■ VA 1//2 M)A 1/,2 udx = h + h, 
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where 


|A| < e||ti*|i; + c/elle.HKl + Ib.llDdltilll + ||««||g) 

and application of (ll.3]) o in J 2 yields 



o 


Then (I4.37j) takes the form 

(4.38) J g s \A 1/2 u\ 2 dx + \\Au\\ 2 0 < c(||g x ||o + Xf). 

n 


Inequalities (14.351) and (14.381) imply 


(4.39) 


j t I {^su 2 x + jqi^dx+ \\u\\ 2 2 + ||g,g t ||? < c(|Mlo + IMI? 
+ h\\ 2 o) + cx 2 . 


To combine estimates (14.11) and (14.391) we need to use the estimates which 
are written in the more explicit way than in Lemma [4.11 


(4.40) 


l/ul 2 / 8 <ch|? >0 |/.|?,o + lftli I oM? I o 

+ c\\v\\l\\Vsu\\l + ^ Kb 1 2,1 1^71 2,1 + C \ V s\l, i\Qs\\MI,1 

+ 12,11 7 712,11 ^ 12,1 + C l^| 2 ,ll M l2,l + C l ? 712,11 ^ 12,1 - 


Moreover, 

(4.41) 


h ‘- U ‘ dx= -\jt 


r]u 2 dx + - / Vt^tdx, 


where the second integral is bounded by 




Next, we have 

(4.42) HMo — C ( IIPs || 2 + 11^1121 
and 

(4.43) INIo < c(l + \ps\Ui\Ps\h 


^111 + Iklll) + c(||n||l + ii^iil) 2 
^ll,i + l^ll,ikli,i + kll,il^ll,i]- 
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Employing (j4.40|) - (j4.43j) in (14.ip yields 


(4.44) 


d_ 

dt 


y/~QsU, y/~QUt, - Q, - Qt 

y/pl y/P* 


+ ||w, u t ||i + || q, qt\\l 


< cAi{l + + c(l + Ai)(p\ + c|//|i ) o| 2 |/s|i )0 + c l£?sli,oMi,o 

+ c|kl|?||u S tt||S- 


From ill .44 1) and (I4.39j) we obtain ill. 11 1) . This concludes the proof of Lemma 

fOl □ 

Next we formulate the lemma describing higher regularity of time deriva¬ 
tive of u. 

Lemma 4.3. For sufficiently smooth solutions we have 


(4.45) 


d 

dt 


Vein, VP^ti — (j . —go \Jg, ii'x - \[QU x t , — q. 


y/pl Vfs 
+ \\ u , u t\\l + Ik, 5*||? < llo + c / £ Xh 


VP's 


ZzllO 


where 

(4.46) 


— Pi | fs 11,0 + ills'll,0 + I k? 112 11 ^stt 11 o + MV + M + A\)(pi 
+ A\V\ + (1 + 951 + p\)p\. 

Proof. To prove the lemma we consider (11.51) in the form 


(4.47) 


gu t + gv ■ Viz — gA« — oVdiv u + Vg = rjf s + g s g 
~ VlVst + (v s + tt) ■ Vv s ) + g s u ■ X7v s ] = / 3 . 


Differentiating (14.47(1 with respect to time, multiplying by —Aut and inte¬ 
grating over D one obtains 


(4.48) 


— J g t u t ■ Au t dx — J gu a ■ Au t dx — J (gv) t ■ Vu • Au t dx 
q q n 

- / gv-X/u t ■ Au t dx+\\Au t \\l<c(\\Vqt\\l + \\f s t\\l)- 


The first term on the l.li.s. of the above inequality is bounded by 
e ll^ M i|lo + c/e||(?tWt||o < e\\Au t \\l + c/e(A\ + <^i)<^i, 
and the third by 

e||Au f ||o + c/e(\\g t v • Vu||q + || gv t ■ Vtt||§) < er||^4tx t ||o + c/e(A 1 + pifpi. 
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Integrating by parts in the second and the fourth terms on the l.h.s. of 
gag) , we derive 

2 

I = ^ f - J A 1 J 2 (gu a ■ A l J 2 u t )dx + J A l J 2 {gu tt ) ■ A ] J 2 u t dx 

a=l n n 

- J A 1 a /2 (gv ■ V« f • A l J 2 u t )dx + J A l J 2 (gv ■ Vu t ) ■ A l J 2 u t dx) 
n n 

4 

1=1 

The operator A = pA + z^Vdiv , so A 1 ^ 2 = y//IV, = V^div . Therefore, 

I] — — J Q [pV • • V«t) + z/div (pM tt divMi)]dx, so the Green formula and 

u|s = 0 imply that I\ = 0. Next 

I 3 = — J pV • (Vo • Vut ■ Vu t )dx — v j div (gv ■ Vuyliv u t )dx 
n n 

= „ . Vu ,. n . VMS - * / *»■ V*. fid ,v u,ds. 

s s 

Since v\s = 0 it follows that J 3 = 0. therefore I — / 2 + J 4 . Continuing, we 
have 


I = VI / A]/ 2 gu tt A]/ 2 u t dx + / gA l J 2 u tt ■ A l J 2 u t dx 
Q=1 L o n 

+ J A 1 J 2 (gv) ■ Vu t ■ A 1 J 2 u t dx + J gv ■ VA^utA^utdx 

rz n 

4 

i=l 

Using the equation of continuity (I1.1IU yields 

J 2 + Ji = - / (p<9t|A^ /2 tq| 2 + gv ■ y\A l J 2 u t \ 2 )dx 


Oi= 1 


ft 


\^J t i e\A], /2 ut\ 2 dx=~ [ g(fiu 2 xt + u\divu t \ 2 )dx. 

Oi= 1 
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Next 


Employing the interpolation inequality (12.16(1 we obtain 

(4.49) J[ < e\\u tt \\l + - £l |M|? + -e^iWenWi + 

£ £ 

where the last term in (14.49ft is bounded by + <Pi)(pi- Finally, 

| ^31 < C / (|g*| |u| + |e| H)K| 2 cfe < c(|0*| 3 |t;|oo + I £>|oo \v x | 3 )|u*t \l = J- 3. 


Applying again (12.161) yields 

J' < e||uxt||i + c/e(||e.||t + IMI2XIHI2 + IMlDlMlo, 
where the second term is bounded by 

^? + ¥>?)V 

Employing the above estimate in (14.481) gives 
2 

6^2\A]/ 2 u t \ 2 dx + 11 Ut 11 2 < eKHg + c (IIVg £ ||§ + ||/ 3t || 2 ) 


(4.50) 


d_ 

dt 


OL=l 


+ c(Ai + A 2 + Al)<^! + (</?! + <Pi + </?i )</?!. 


To end the proof we have to estimate ||/ st ||o and 11 u tt 11o• From (14.471) we 
derive 

ll/sillo < *-'( I ^71 2 , 1 1 fs 11,0 + l^lllblpo + 11 ^ 11 2 11 ^stt 11 o 

+ A\^p\ + Ai(A\ + ipi)ipi). 

Calculating ut from <1 1. 171) and differentaiting the result with respect to t 
yields 

iitt = —[—gv ■ Vu + /iA« + nVdivw — Vg + fs] }t 
Q 

- oQt\—Qv ■ Vm + uAu + nVdivu — Vg + / 3 1. 

g 2 

Hence, we calculate 

ll^ttllo — c (\\(q v ' Vt/)t||§ + \WtW 2 + llg^tllo + II/3,tllo) 

+ c\\g t {\v • Vm| + In**! + |g*| + I/3DII0 
< c(||tX t ||| + 11 g* 11 1 + H/3,t|lo) + C H(T V ' ^ u )t\\l + c ||f?t u xx||o 


+ c ||f?t9x||o + ^11 Qtf% || 


0, 
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where 


||(£w • Vit) it ||o < c(Ai + ipi)ipi + c(A i + ^i)Vi, 

|| Qt'U J xx 11Q ^ | ft 16 \'U j xx 13 — £ 11 Win 11 o d~ ^ I ^ 11 ft 1111 'Uxx 110 


< f\\v lr 
_ c || ^xxx ||o 


+ c/e{Ai + </h) 2 ¥h, 


where (j2.16[) is used. Continuing 


llftfello < llftll?M? < {M + <P\)<Pi 


and 

WQtMl < MillMl < c(Ai + vJMf.wi + ami 

+ A\ipi + Ai^pi]. 

Summarizing, we have 

IKtllo < £ llftz^ Ho + c (IMl2 + llftlli + II/3,tllo) 

+ “[(^1 + FiYfi + (^1 + ^1)^1] + ccpxWfsWl + c^ 4 i. ||p Ilf + c||n st ||^i. 

In view of the above estimates inequality (I4.50P takes the form 

^ 11 y/O^xt 110 "f" 11 112 — ^ll^xixllo d" C11 110 d - ^ {Fl 1 fs I 1,0 

+ |ft|i i0 |5 , li,o + IMIijIKdlo + (^1 + ^1 + A\)ipi 

+ Ai<p\ + (tpi + <p\ + V^i) V^i) - 

Adding appropriately (14.141) and (14.511) we obtain (14.451) . This concludes 
the proof. □ 

Finally, we pass to estimate the third spatial derivatives of velocity and 
the second spatial derivatives of density. 

Lemma 4.4. For sufficiently regular solutions we have 

1 


(4.52) 

where 

(4.53) 


d_ 

dt 


QsU xx + —q xx )dx + ||u||3 + ||g|| 2 < e\\u xxt \\ 0 
Ps 


+ c(\\u t \\l + \\u\\l + \\ q \\l) + cXl 


Arf — FiWfsWl + AMU + (1 + Ai)A 2 ip\ + (1 + A 2 )tp i$i 

+ (Ai + <pi) 2 ipi + Afl + (/?i)<^i. 
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Proof. Differentiating (12. 5 p and (I2.6[) twice with respect to r, multiplying 
by u TT and q TT , respectively, integrating the results over D, adding and 
integrating by parts, we get 
(4.54) 

1 d f 1 

2 dt 

n 


oU / \Qsul T +—&)dz+\\ur T \\l + \\&vv^\\l 


— j (dsTT^t 4" Qsr^rt) * 4~ J ((PsU s ) !rr * VU 4~ (^Q s V s f T ^U T > jVj rT dz 

h h 

q TT dz 


1 \ „ / 1 \ 

~ I Qt + I — q T t 
kPs J rT \PsJ T 


Va\ ^ 7 -.(V s \ ' 

— • Vg + — • Vg T 

\PS J TT \PsJ T 


q TT dz 


+ J- ———— divh s g^ r dz + J f TT -u TT dz + J h }TT ■ u TT dz 

n n n 

+ / ki ;TT u TT dz + / k 2 ,TTq,Trdz. 


n 


n 


Now we estimate the terms from the r.li.s. of (14.54(1 . We bound the first 
term by 


the second by 
the third by 
the fourth by 


£i\\u TT \\l + c/£\\g ST \\l^\\u t \\l, 


£ 2 11 Mtt 111 4" CS 2 11 Qs 11 2 Q 11 11 2 fj 11 d 11 2 ) 

Dsllgrrllo + C I E 3(1 + ||Ps || 2 q) l|Ps II3QII ^ II1) 


£ 4||grr||o + c/£4(||^||oo+ ||#Jo ft I!? J* A + 11 " 2 "" " 2 N """ 2 


12 , 01 1-^113,0 


2,nn^ s ii2,n^ii^ii2) 


the hfth by 


Next we examine 


D;|| q TT \\l + c/e*\M 3.0 U 


3,0 II ” rr IIO' 


f.TT ■ u TT dz 


f,T^TTT dz < e 6 || 

ZL T tt llo + c / £ e\\f\\i 
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and 


k\ TT u TT dz 


ki T u TTT dz 


— ^7||^rrr|lo 


+ ~MIMI3 + II9II2) + II ^ II 2.0 + 


£7 


Using the above estimates in (I4.54p and assuming that £\ —£7 are sufficiently 
small, we get 


J (q s U 2 tt + ^-qlr )dz + \\u TT \\l+ IldivWrrllo 


<e\\qrr\\i + -m^i+\\m) + -m\in+mi^ 


( 4 - 55 ) +?[Mft(i + Ma) + (! + IIP-II 


2 , 0 ' ll^ s "3,0 


2 + \\v. 1,2 


3,0 




+ -II/III + C 

£ 


h TT ■ u TT dz 


+ c 




Finally, we have to estimate the last two terms on the r.h.s. of 04.551) . First 
we examine 


h :TT q TT dz 


< 


u 


—V(p s + g)C q T rdz 

Ps 


—div (v s + u)( ) q TT dz 
Ps 


= h + h- 


Continuing, 


h < 


u 


— Vp s C Qrrdz 

Ps 


U 


—Vg q TT dz 

Ps 


u 


—VC q q Tr dz 
Ps 


o 

- n 


= Ii +If + If. 


First, we estimate 




— ^11 *?TT || 0 


+ c/e||p s ||^(l + ||p s ||^)||h 


2,0' 


2 

2 - 
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Next, we examine 


Il = 



u . ___ 

— yqqrr 

Vs) , TT 



— (Vg), T g T 

Vs) 


u - _ 

~Z~ V QVt 
Vs 


o 


= J\ + J-2 + </' 


3, 


where 


dl + J 2 < £||?rr||o + C / £ (l + l|P»ll3,ft)ll“ll3 ) ftll9||2- 


Finally, integrating by parts in J 3 yields 


= 



<e||?rr||o + -(l + l|p s || 3 .n)ll“ 


3,h)INU 


Continuing, 


If < £\\qrr\\l + c/£( 1 + ||Ps|| 2 ^) II 2 ,f 2 II^H 2 ,jV 


Similarly, we have 


^2 < e||g TT ||o + c/e(l + ||pj; 


+ u 


Summarizing the above considerations, one has 


(4.56) 


h TT q TT dz 


< £\\qrr\\l + c/e[{ 1 + ||ft|| 5 ift )(||p.||J >ft ||fi 


+ \\v. 


s ll3,Qll y ll2,n 

c, 


) + (l+llp.ll 


2 

3,0 


2 «iiui 2 d 

2,oil3,nJ 


— "“II qrr || 0 H [(1 + Ai)A2q>\ + (1 + A2)q>\Ql}- 

£ 


Finally, 


(4.57) 


k2 )T TqTrdz 


< £ 11 qrr 110 + “d||-u || 2 + c| 


U 


2,0 


O 


-(i+iip.ii5 >ft )ii«-iiiftii9iiift. 


where the last expression is bounded by -(1 + A))A\(pi. 


q TT dz 


II 2 

TT Mo- 


112 

II 2 ,f 2 
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Employing (14.56p and (14.57P in (I4.55f) yields 


d_ 

dt 


g s u TT + — q TT )dz + ||w rT ||f + ||divu Tr ||5 
Ps 


< 4 Qrr\\l + -M\\u\\l+\\q\\l) + 


Mkd + 


(4.58) 


[Ma(i + IMa) + (i + IIp-II 


+ 


'2,fi 

s ll3,0 + H&" 


12,0 


d,o/ 


2 , || - |i 2 

3,0 H Vs ll3,n 


v x 


2 , 0 /" ^ 112 , 0 ^ 
2 11-112 


Nli + kill) 


(l + INIIln)(INIr 3 nlk 


7; 

2,0 ' 11 ^ 113 , 011 ^ 112 , 0 / 


MWl.fi) 


(i + llpj 


2 

3,0 


z - \\u z - 4- 
2 ,OH “113,0 ^ 


From (12. lip we have 


(4.59) 


?<c 

+ 

+ 


2 

2,0 

2 

2,0 

2 Jlfin . 
2,OH “112,0 


i + \\Qs\\l n \\~g\\i + 

INI? + (Iklloo + Ik" 2 


2 

2,0 


s|| 2 ,0 1 H u 'll2,dAll' U s|l2,0 

2 ,11-112 ||-||2 M ^ II r ||2 


2 

2,0 


+ INII 2 ,olNl2,d)] — c [kill/1li + M 


+ /4i(l + (pi)Cp\ + (Ai + (p\Y<pi[. 

In view of (14.59P and notation (12.15P inequality (I4.58P takes the form 


d 

dt 


\f¥s> 


U T 


Vfs 


+ II U T t \\l + ll div « TT || 0 


(4.60) 


— £ lkrr||o + y-MINI;} + Iklk) + y(lkll 2 ,n + 


' 1 , 0 / 


H—[(1 + Ai)A.2Pi + (1 + k 2 )< ) 3i < I > i + A.\(p\ + A\(p\ + A-10 1 

+ (Ai + + kill/lli + A\\g\\l]- 


Differentiating the third component of (I2.13P with respect to r, multiplying 
the result by q nT and integrating over D, one obtains 

^ + ^ [ fdn—k) Qnrdz + — f d n (^-v s -X7q) q nT dz 

* J V Ps J , T * J \Ps J iT 

d ’ d 

(4.61) + 11 Qnr 11 o < C (II^tt||o + II^Ttllo) + c(\\(g s V s * V{fc) jT ||o + ||^sr^t||o 

4“ ll/*lll 4“ 11 ^ 1 ,r||o) 4“ (M 4" nrQnr 4“ 
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Now, we examine the particular terms in (14.61 jl . 

We express the first two terms on the l.h.s. of (14.611) in the form 

[i + v f ( 1 _ 1 . ~ \ „ , 

/ I ~ Qnr,t ~ V s * V Qnr ) Qur^Z 

* J \Pa Ps J 

Ci 

+ f2 ir / { al (£)'«■+ dl (j?-) ' ^ dz 

Ci 

+ — J (d z q zt + d z (JrV^j d z Vq^j q nT dz 

Ci 

= I] + /'2 + I 3 , 

where in I 3 the derivatives with respect to n and r are replaced by deriva¬ 
tives with respect to 

Employing equation (j2.2|) transformed to variables z in I\, yields 


h = 


p+ v d f 1 „ 2 , (ii + iy)(x+ 1) f 1 


2 x dt J p, 
Ci 


■q nT dz - 


Ps 


div v s q 2 nT dz , 


where the second integral is bounded by 

£\\qnT\\ 2 o + c/£A 2 \\q nr 11 0 • 

Applying the Holder and the Young inequalities we get 


| -^2 1 5s £ ll?nr||o H-Ai(l + A\)AiCf>\i 

£ 

1^31 5s £ ll^nr||o “I-(1 + A-i)A2(f>\. 

£ 


Next, 


v.Vfi),r||g < c||^||W||f) s ||W||h||^ < cAftp 1 , 

\ is bounded by (14.591) . 

IIMIo < c\{\\u zzz \\l + \\q zz \\l) + c(||u||5 |fi + MW 2 ^). 
Similarly, as in the case of estimates (I4.56j) and (14.57j) we have 




— £ lknr||o + C / £ [(l + Ai)A 2 ^i + (1 + i 2 )0l&l] 


o 
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and 


^'2,nr*3 , nrd^ 


— ^ 11 Qnr 11 o + “'MMI'S + C H ^ 112,£7 “(^ + -^l)-^!^! ■ 


Employing the above estimates in (14.611) . one gets 


(4.62) 


J t I J&rdz + 11 Qnr ||o < c(||u*rr||o + IMIo) 

O 

+ c A ( 11 11 o + llfello) + c (INl 2 ,o + ll^llpn) + C( ^ill/slli 

+ ciill^Hi + c[(l + AiYA 2 (pi + A\(pi + AiYl + (1 + A 2 ) 0 i& 0 \- 


Differentiating the third component of (12.14[) with respect to r and taking 
the L 2 -norm yields 

j||(div it),nr|lo < c(||w*tt||o + ll^rtllo + IlSnrllo) + C ll Qs 111 INI 1 
(4.63) + cA(||uNlo + Iloilo) + cGNI^n + ll^llph) 

+ c INIl/s|li + AlIMIi + (N + 0i)0i + (N + 0i) 2 0i\- 


Consider now the following Stokes problem 


— fiAu + Vg = —Q s ut. + z'Vdivu + / + k\ — g s v s ■ V« 

(4.64) div u — div u in Cl, 
u\s = 0. 

Differentiating (14.641) with respect to r, we obtain 

ll^lll + ll^llf < c(||^ t ||- + ||divii r ||? + Il/H? 

+ UsrUtWl + \\h,r\\l + ll(ftdbVh) )T ||o) 

(4.65) < c(||w rt ||o + ||div u T \\i) + cA(||w 222 ||o + ||g 22 |lo) 

+ cGHI^ + ll?ll?,n) + c 0i\\fs\\i + cAill^ll? 

+ cA\{\ + Ai)(pi 4“ AiYi + ccpi- 

Adding appropriately (14.601) . (14.621) . (14.631) and (14.65ft we have 


y/ Qs 


u T 


rr—'i rTj 

VPs VPs 


gw Ho A || || 2 V II grill 


d 
dt 

<c||fi t ||? + cA(||ii w ||g+||g„||g) + c(H 


2,0 


+ 


I 2 0 


(4.66) + c0i II /«II i + cii||g||? + c[(l + Ai)A. 20 i + (1 + A 2 )0i^i 

+ (Ai + 0 l ) 2 01 + Ai(l + Lpi)0l] 

= c|Nli + cA(||m 222 ||o + ||g 22 |lo) + c(||u| 


2,0 


+ 


I 2 0 

b,n' 


+ cXf. 
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Differentiating the third component of (12.1 3p with respect to n, multiplying 
the result by q nn and integrating over 9, one derives 


thin Ho "b ll^nnllo — ^"( Uphill 3 ” ||^22t||o) 

+ cAdlu^Ho + \\q„\\l) + cdNI^q + ||?||iq) 


d_ 

dt 


VFs 


+ cX 4. 


The L 2 -norm of the derivative with respect to n of the third component of 
(I2.14p is bounded by 

!l(divu) 

,rm ||() — \\l+\\Qnn\\l+\\Ut\\l) 

(4.68) + cA(||« 222 ||o + INdlo) + c(|Nl2,n + H^lli^) 

+ cXl 

For solution to problem (14.641) we have 

INIs + Ml < c(|| VdivTfc||f + \\ut\\l) 

(4.69) + cA(||w 222 ||o + INdlo) + NNI^n + INlyp) 

+ cXl 


Adding appropriately (14.661) — (14.691) gives 


(4.70) 


d 

dt 


\J Qs^r 


Vfs 


+ It 


— c INIIi + c A (11 u zzz 11 q + 

+ cX 7 . 


3 + 
112 


o) + c(INI^ + 


ll,fp 


Passing to the old variables x in (14.701) . deriving an inequality similar to 
(14.701) in an interior subdomain, summing the inequalities over all neigh¬ 
borhoods of the partition of unity and assuming that A is sufficiently small, 
we obtain 

q s u 2 tt + — q xx jdx + INI3 + IMI2 < c(|Klli 

Ps / 

+ \\u\\l + \\q\\ 2 1 )+cXl 

where u TT means that in a neighborhood of the boundary there are only 
tangent derivatives. 


(4.71) 


i_ 

dt 
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To derive (I4.52p from (I4.7ip we need the expression 


(4.72) 


d 

dt 


Qs^xx^^ ^ / Qs'U'xxt'U'xxd^ T / estU xx dx 


Of! uj 

5; £(||w X xt||o + 11 ^xx ||l) + c/£ (|| || 2 + II Qst 111) ||w xx ||5- 


Using (14.721) in (14.711) and choosing £ sufficiently small implies (14.521) . This 
concludes the proof. □ 

Lemma 4.5. For sufficiently regular solutions we have 
(4.73) 


d 

dt 


\JQs^, yjQ s Uxi \f~QsUxx} y/dUt, \l~Q^xti - Qt - Qti - Qxi - Qxx 

y/Pl y/pl y/P4 yfpl 


+1^11,2 + M|i < c(x 0 2 + xl + a 2 ), 

where A 0 is introduced in O' X 3 in fi4-46 \ ) and X A in H4.53{ ). 

Proof. Applying some interpolation inequalities we obtain from (14. 5 2D the 
inequality 


(4.74) 


d_ 

dt 


\J Qs'U’XXl - Q: 

Vvl 


+ \W 3 + 


12 A £ 11 Uxxt 11 o 


+ c\\u,u tl q\\l + cA -2 . 

Adding appropriately (14.ip and (I4.74p yields 


(4.75) 


d 

dt 


\JQsU, y/OUtt \/Qsu XX ? 


dt, 


yfPl \/P~s yfPs 

+ ll^lll + |K||? + IMl! + Ml < £||Wxxt||o + C(A 2 + A 2 ). 


Adding (14.451) and (14.75P and using that £ is sufficiently small we get (14.731) . 
This concludes the proof. □ 


Since in (I4.73P the norm || -^=dxt || n does not appear under the time derivative 
we need 


Lemma 4.6. For sufficiently regular solutions we have 

a i 9 2 

— -rr. 

(4.76) 


d 

dt 


Qxt — £ hxt\\l + C / £ ll M a:a:t||o + C / £ [[(l + 


VFs 

+ A 2 (l + Afftpi + (1 + + [1 + A 4 (l + Ai)\gff\. 
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Proof. Differentiate (11.101) with respect to x and t, multiply the result by 
q xt and integrate over fl Then we obtain 


(4.77) 


— (qt + v s ■ Vq) q xt dx P k \ div u xt q xt dx 

Ps ) xt J 


q 


—V(p s + g) q xt dx — k 

Ps J xt 


n 

= J + K. 

The first term on the l.li.s. equals 
(4.78) 

—qxttQxt + — ' V q xt q xt ) dx + 
,Ps Ps J 


div (v s + u) q xt dx 
Ps Jxt 


1 \ / u , 

— ) QttQxt + I — Q x t 

Ps) x \Ps 



dx 



:p- 


qlt + 


s J t 



QxxQxt 


s / ,t 


dx + 



.:p 


Qt + 


s / xt 



s / ,xt 


qxtdx 




2=1 


Now we examine the terms in (I4.78p . 


h = 


1 O 2 V s ^ 

-d t q xt + — • V <2 


.Ps 


Ps 


dx 


n 


From (12.2j) we have 


(4.79) - 



— + div — 


,P. 


s / ,t 



q xt dx — (xr+ 1) / —div v s q xt dx = 0. 
J Ps 


0 

Adding (j4.79[) to A and using that v s ■ h|g = 0 we obtain 

J i = / — qlt dx ~ ( x + !) [ —di yv s ql t dx, 


2 dt J p , 

where the second integral is bounded by 


2 b 


Next 


£||fe|lo +cAINIalM 


N < C / [|p flx | M |?®t| + (K*| + H 


< e||?*t|lo + c /^[lb s |lilkttllo + (Ibslli + IK 


sN2ll2'sN3diyxt|l0J 
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From (ll.lOp we calculate 


(4.80) 


hu\\l < ||(^ ■ Vg) t ||g + ||(p.divti) t ||jj + ||(« • V(p a + q))t\\\ 


+ || (gdiv (v s + M)) t ||o < c(A 1 + <^i)yq, 
where we used (12.151) . Continuing, we have 

1 -^ 2 1 < e||g®t||o + c / e [A- 2 (Ai + + (1 + Ai)A 2 (p\\. 

Next, we examine 

\h\ <cj [\PsMlt + (I v xt + |n s | \Pst)\q X x\ \q x t\]dx 

n 

— e|Mlo + c / e (l + A\)A$q)\. 

Finally, we calculate 

\h\ <c j [(Iprfl \p SX I + I P sxt |)|?t| 4“ (l^sxtl A |^sx| \Pst\ 

n 

+ \Vgt\ \Pax\ + \V S \ \p*t\ \Psx\)\qx\]\qxt\dx 

— 4Qxt\\o + c / £ [^i + ^4? + Az\<pi. 


The second term on the l.h.s. of (14.77ft is bounded by 

c(IMIo T 11 'Uxxt 11 o) • 

The first term on the r.li.s. of (14.771) equals 




- ' Vp. s q xt dx - / - Vq xt q xt dx - 

J>* J xt J Ps J \P- 

f! Of! 



V q xt q xt dx 



u \ _ , l l u 

v QxQxtdx 

J t. J \Ps/xt 

n n 


■ V qq x tdx = ^ J* 


i— 1 


Continuing, we have 

|^i| < £ ||fello + c / £ [7li(l + Ai)(pi + (1 + Ai)A^tpi + 

1 f U _ o , 1 I — l u 


Hence, 


J2 = / r' v ^ da: = o / v — 

z J Ps Z J \Ps / 

n n 


|^2| < £||?xt||o + c/£( < f*i + 
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./■; takes the form 


so 


J3 = - S {v,-^) qltdx 


|«^31 < e||ftrt||o + c/e(ffi i + ^ 2951)951 


Next 

Hence 
F inally 


Ja = 


Ht ^ 1 J 

- o'Pst )q xx q xt dx. 

Ps Ps 


\Ja\ < £ llfe|lo + c/eiffi 1 + H 3 99 1 ) 99 1 . 

I ^51 < £||9xt||o + c / £ [^i + {A\ + Ai + H 3 )99 1 ]99 1 . 


Next 

\K\ < £|| 9 xt||o + c / £ [(l + ^ 4 i) 2 (^ 4 i + ^1)9^1 + (1 + Ai)(A 2 + H 3 + $1)991]. 

Employing the above estimates in (14.77ft implies (14.7611 . This concludes the 
proof. □ 

Let 
(4.81) 


<Po(t) = 


\JQs u i \JQs^xi \JQs^xxi \fo u t, , — q ■ ,—qu . — q x t, 

\/Ps 

1 1 2 


~q X i 


y/Ps 


q x 


l 2 


Since g* < g s < g*, Ag * < p s < A(g*)“ the local solution satisfies also that 

\e*<e< 2 q*. 

Hence, there exist constants Ci, c 2 , Ci < c 2 such that 

( 4 . 82 ) C1991 <99 0 < c 2 <pi. 

Then the above lemmas imply 

Lemma 4.7. For sufficiently regular solutions we have 

—990 + $1 < c (|/s|i,o + ^ 4(1 + Ai) + Hi + H 2 + Af + A \)990 

(4.83) + c(Hi99 0 + (1 + 990)990 + 9 ? o) < A) + C (1 + ^ 4 ) 991 $! + c^4i 1 1 ;0 
= C 0 5i99 0 + CqH 2 (99o + 995 + ^ 0)^0 + c 0 H 3 99i$i + c 0 G. 
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The differential inequality (14.83ft is proved for the local solutions. Our aim 
is to extend the local existence step by step in time. 


Lemma 4.8. Let B t , i = 1,2,3, and G be defined in (4-83). Assume that 


1. B, l = sup fceNo sup ie[feTi(fc+1)T] Bi(t), i = 2,3, sup fc f£ +1)T B^dt < oo. 

2. co&wx < 

3. 7 * is a constant so small that 

2 — c o-B 2(1 + 7 * + 7 *) 7 * — ~ 2 ’ 0 < c * < 1 - 


4 - Let for 7 < 7*, 


^(0) < 7) CoG(t) < j7, t E K+. 

Then 

(4.84) ip(t) <7 for t 6 M + . 

Proof. I 11 view of Assumption 2 and that 990 < we obtain from (I4.83P 
the inequality 


(4.85) 



co -£> 2(1 + To + To)To 


ipo + c 0 G + c 0 Bitp 0 . 


To prove the lemma we examine inequality (14 .8 5ft step by step in time. 
Therefore, we examine it in the time interval [kT, (k + 1)T], T > 0 is given 
and fc G No. Then we assume 

(4.86) MkT)< 7 , c 0 G(t )< C ^7 te[kT,(k + l)T\. 

Our aim is to show that 


(4.87) 


<Po(( k + !) T ) < 7 - 


Let us introduce the quantity 


(4.88) 


V{t) = exp -c B^t'jdt' )^ 0 (t) 


kT 
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At t — kT we have 


(4.89) rj{kT) = <p 0 (kT) < 7 . 

Introducing the quantity 


(4.90) 


G 0 (t) = G(t) exp 



we express (I4.85H in the form 

(4.91) ^77 < —(!/2 - c 0 B 2 { 1 + (fio + + c 0 G 0 

Suppose that 

£* = inf{t e (fcT, (A; + 1)T] : <^ 0 (A) > 7 } 

t 

= inf G (fcT, (k + 1)T] : r]{t) > 7 exp f — c 0 j Bi(t')dt‘ 

kT 


By Assumption 3 inequality (14.91 p takes the form 
(4.92) 

Clearly, we have 


d , c* 

Tt” ^ ~T r> + Gt " 


(4.93) 


and 


(4.94) 


u 


r](U) = 7 exp ( - c 0 / Bi(t)dt 


kT 


r)(t ) > 7 exp ( — c 0 / B 1 (t')dt' ) for t > t*. 


kT 


By Assumption 4 we obtain from (14.92(1 the relation 


(4.95) 


d 


dt 


7 , 7 


2 4 


7 T 7 |t=t* < c* - - + - exp -c 0 Bi(t)dt < 


kT 


| > kT. 
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so it contradicts to (14.93p and (14.94I) . Hence 


7]{t) < 7 exp 




kT 


and 

ip 0 (t) < 7 . 

Hence (14.851) holds. By the induction we prove the lemma for all t € K + . 
This concludes the proof. □ 


Let us denote 


X s (kT,(k+l)T) 


11 @ s ’ Vs 11 Loo (kT, (fc+l)T;r3 (f2)) 

• || || 2 

+ ||^,tt||L 00 (fcT,(fe+l)T;Z, 2 (f2))- 


Remark 4.9. Let the asusm.ptions of Lemma f.8 hold, 
with respect to time from kT to (.k + 1)T yields 


Integrating (^7 ~83f 


sup ||w,g||aji(nx(fcT,(fc+i)T)) < b(sup X s (kT, (.k + 1 )T ))7 

k k 

+ SU P ll/Ji 00 (fcT,(fc+i)T ; ri(n))7 + SU P Hfi , llLoc(feT,(fc+i)T ; r ( ! ) (n))] 

k k 

< D'Yi 


where D is a constant. 
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